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Lattice deformation resulting from elastic strain is known to spatially modulate the wave function
overlap of the atoms on the lattice and can drastically alter the properties of the quasiparticles.
Here we elaborate that a twist lattice deformation in two-dimensional honeycomb quantum magnet
nanoribbons is equivalent to an elastic gauge field giving rise to magnon Landau quantization.
When the ground state is ferromagnetic, dispersive Dirac-Landau levels are induced in the center of
magnon bands, while for antiferromagnetic nanoribbons, the twist results in dispersive equidistant
Landau levels at the top of magnon bands. The dispersions for both types of Landau levels are
derived in the framework of the band theory.
Introduction.–Strain engineering is a powerful tool in
tuning properties of quantum matter, such as spin trans-
port [1, 2], thermal conductivity [3, 4], and quantum
anomaly [5]. In particular, twisting one layer of bilayer
graphene with respect to the other by certain “magic” an-
gles [6] results in spatial modulation of electron tunneling
between the layers and produces flat “Moire´ bands” re-
sponsible for the correlated insulating phase [7] and the
unconventional superconductivity [8]. Properly tuned
strain can close or open band gaps in topological quan-
tum matter and induce phase transitions between dis-
tinct topological phases [9–14].
Perhaps the most investigated and best understood
strain effects are those associated with Dirac materials,
where strain is famously equivalent to an elastic gauge
field [15–33]. A circular bend in 3D Dirac/Weyl semimet-
als and superconductors induces a uniform pseudo-
magnetic field giving rise to Dirac-Landau levels [24–26].
A uniform elastic gauge field can also be generated by
twisting 3D Weyl systems around the axis on which Weyl
points are located [20, 28, 29, 32]. Though first theoreti-
cally proposed [15] and experimentally discovered [16] in
graphene, the strain-induced gauge field in graphene and
other 2D Dirac materials is not uniform for simple lattice
deformations such as bend [34–36] or twist [37], causing
some difficulty in obtaining insights of the strain-induced
Landau levels (LLs).
In this Letter, we propose a simple strategy in the
framework of band theory to obtain the dispersion of
twist-induced LLs at Brillouin zone (BZ) corners for both
ferromagnetic (FM) and antiferromagnetic (AF) honey-
comb nanoribbons, whose magnon bands in the absence
of twist exhibit Dirac cones and quadratic peaks, respec-
tively. We demonstrate that the effect of twist is to relo-
cate the Dirac cones (quadratic peaks) such that the dis-
persive LLs of ferromagnets (antiferromagnets) can be
understood as pulled out by the displaced Dirac cones
(quadratic peaks) from those at the BZ corners. Based
on this observation, we show that a correspondence be-
tween the crystal momentum of the nanoribbon and the
twist-induced elastic gauge field can be drawn to explic-
itly give the momentum dependence of the twist-induced
LLs for both ferromagnets and antiferromagnets.
Twisted Heisenberg model.–We consider a Heisenberg
model defined on a honeycomb lattice of spins with only
nearest-neighbor interactions
H =
∑
r
3∑
i=1
JiSA(r) · SB(r +αi), (1)
where r denotes the position of a generic lattice site be-
longing to the A sublattice and vectors (α1,α2,α3) =
(
√
3
2 axˆ +
1
2ayˆ,−
√
3
2 axˆ +
1
2ayˆ,−ayˆ), with a being the
nearest-neighbor distance, connect this site to its three
nearest-neighboring sites on the B sublattice. Ji = J(αi)
is the interaction strength between the spin-S located at
r and its i-th nearest neighbor at r +αi. In this Letter,
we will assume isotropic interaction J(αi) = J for trans-
parency. At sufficiently low temperature, the honeycomb
magnet exhibits FM (AF) order when J < 0 (J > 0).
In the presence of lattice deformation, the most impor-
tant effect can be incorporated to the Heisenberg model
(Eq. 1) by amending the nearest-neighbor interaction to
Ji = J exp(−β δi−αiαi ), where δi is the bond length associ-
ated with the i-th nearest neighbor after the deformation
and β is the Gru¨neisen parameter of order unity [31, 38].
Without loss of generality, we take β = 1 for the fol-
lowing analytical derivations and numerical simulations.
In particular, for the twist deformation illustrated in
Fig. 1(a), a nanoribbon is twisted around x axis in such a
way that a lattice site originally located at position r =
(x, y, 0) is relocated to r + u(r) = (x, y cosλx, y sinλx),
where λ = Ω/L measures the rotational angle of a y-
direction chain per unit length along the x direction.
Consequently, the bond length after the twist becomes
δi = [α
2
i + λ
2α2i,x(y
2 + yαi,y)]
1/2. The resulting nearest-
neighbor interactions are then the exponentially decay-
ing J1 = J2 = J exp{1 − [1 + 34λ2(y2 + a2y)]1/2} and
J3 = J . Specifically, for a narrow nanoribbon with suffi-
ciently small twist, the bond length can be estimated as
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FIG. 1: (a) A twisted honeycomb magnet nanoribbon (blue)
is obtained by applying torsional strain to a normal nanorib-
bon (light blue) of length L and width W to rotate the right
(left) edge around the x axis by a small angle Ω/2 (−Ω/2).
(b) The dispersion of the honeycomb ferromagnet (red) and
antiferromagnet (blue) along the path connecting the high-
symmetry points of the Brillouin zone (Inset). (c) A zigzag
nanoribbon with 2N A and B sublattice sites in a unit cell
marked by two orange dashed lines. The width of the unit
cell is δx =
√
3a.
δi = αi[1+λ
2α2i,x(y
2+yαi,y)/2α
2
i ], giving rise to nearest-
neighbor interactions
J1 = J2 = J − 38λ2(y2 + a2y)J, J3 = J. (2)
Honeycomb ferromagnets.–When the honeycomb mag-
net nanoribbon exhibits FM order (J < 0), the Heisen-
berg Hamiltonian (Eq. 1) can be second-quantized by the
Holstein-Primakoff transformation [39] S+A (r) = (2S −
a†rar)
1/2ar and S
z
A(r) = S − a†rar [S+B (r) = (2S −
b†rbr)
1/2br and S
z
B(r) = S − b†rbr ], where ar (br) is the
magnon annihilation operator associated with the A (B)
sublattice. The resultant magnon tight-binding Hamil-
tonian to the bilinear order reads
HFM =
∑
r,i
JiS(a
†
rbr+αi + arb
†
r+αi − a†rar − b†rbr), (3)
where the FM ground state energy EFMG =
∑
r,i JiS
2
has been deducted from the Heisenberg Hamiltonian.
By applying Fourier transform of the basis (ar, br)
T =
N
−1/2
uc
∑
k e
ik·r(ak, bk)T , whereNuc is the number of unit
cells, we obtain the Bloch Hamiltonian matrix
Hk =
∑
i
JiS[cos(k ·αi)σx − sin(k ·αi)σy − σ0], (4)
where σx,y and σ0 are the Pauli matrices and the identity
matrix defined in the basis (ak, bk)
T . Without lattice de-
formation, the Bloch Hamiltonian dispersion k/|J |S =
3 ± [3 + 2 cos(√3kxa) + 4 cos(
√
3
2 kxa) cos(
3
2kya)]
1/2 ex-
hibits two Dirac cones [Fig. 1(b)] at the BZ corners
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FIG. 2: Spectral properties of a zigzag FM nanoribbon with
2N = 80 A and B sublattice sites. (a) The spectrum of an
untwisted nanoribbon exhibiting two Dirac cones connected
by flat edge states. (b) The spectrum of a twisted nanoribbon
with λa = 0.032. (c) The bulk spectral function of (b) with
dispersive Dirac-Landau levels in the vicinity of K valley la-
belled. The crosses mark the positions of LLs at the selected
momentum kxδx = 1.382. (d) The edge spectral function of
(b) with the white curves representing the envelopes of the
Dirac cones.
kηW = (η
4pi
3
√
3a
, 0) with valley index η = ±1. For a
nanoribbon with a pair of zigzag edges along the x di-
rection [Fig. 1(c)], the band k in the infinite system be-
comes a cluster of bands [Fig. 2(a)].
For a fictitious lattice deformation that alters the
nearest-neighbor interactions according to J1 = J2 =
J + δJ and J3 = J , where the variation δJ is a constant,
an effective Dirac theory can be obtained by linearizing
the Bloch Hamiltonian (Eq. 4) in the vicinity of BZ cor-
ners as
hq = ~vηx
(
qx+η
2δJ
3aJ
)
σx+~vηyqyσy−(3JS+2δJS)σ0,
(5)
where the magnon velocity is (vηx, v
η
y ) =
3JSa
2~ (−η, 1).
We note that δJ has two effects. On the one hand, it
shifts the two Dirac cones uniformly in the energy di-
mension by an amount of −2δJS. This effect is rather
trivial and can be greatly suppressed by a Zeeman field
BZ = −2δJS/gµB , where µB is the Bohr magneton.
Therefore, we will neglect this effect in the following. On
the other hand, δJ displaces the two Dirac cones oppo-
sitely in the momentum dimension by η 2δJ3aJ . Although an
electric field can also alter the positions of magnon Dirac
cones according to the Aharonov-Casher effect [40, 41],
3the two Dirac cones are always translated identically, im-
plying that the valley-sensitive displacement should be
interpreted as an emergent vector potential ~A = η 2~3ea δJJ xˆ
that cannot be compensated by electric fields.
We obtain ~A by using a constant δJ . However, we
are interested in twist deformation as shown in Fig. 1(a),
where δJ = δJ(y) depends on the y coordinate. We argue
that even in this case, the effect of δJ(y) can be treated
as a vector potential ~A(y) shifting Dirac cones and in-
ducing Landau quantization, provided that δJ(y) varies
slowly on the lattice scale. To substantiate our claim,
we now present the results of our numerical simulations
on the tight-binding Hamiltonian of a zigzag nanorib-
bon with exponentially decaying interactions adopted.
We find that dispersive Dirac-Landau levels are induced
on right (left) of valley K (K ′) [Fig. 2(b)], reflecting
the valley sensitivity of the emergent vector potential.
These LLs are doubly degenerate due to the contribu-
tion from the upper (y > 0) and lower (y < 0) sec-
tions of the nanoribbon, respectively. To better resolve
these LLs, we calculate the spectral function A(ω, kx) =
− 1pi
∑
y limδ→0=[ω+ iδ−Hkx ]−1yy in the bulk and on the
edges of the nanoribbon. The bulk origin of these LLs
is confirmed by the bulk spectral function, defined to in-
clude the contribution of the central 50% lattice sites.
We have read off the energies LLn of the first few LLs
marked by the crosses in Fig. 2(c) and find the sequence
LLn − LL0 indeed exhibits the expected
√
n dependence
on the LL index n. We note that the dispersive Dirac-
Landau levels only reside in the vicinity of Dirac cones.
This observation is best demonstrated by the fact that
the first three LLs (n = 0,±1,±2) associated with each
valley are not connected through the bulk. Instead, the
edge spectral function [Fig. 2(d)], which considers the
20% lattice sites on the edges, reveals that LLs originat-
ing from different valleys are connected by edge states.
To obtain more insights on the twist-induced LLs, we
now derive the dispersion of these LLs using quadrat-
ically decaying interactions in Eq. 2, which is a good
approximation when the twist is sufficiently small. A
more generic derivation regarding large twist is given in
the supplemental material (SM) [41]. Since the twist-
induced vector potential ~A(y) = η 2~3ea δJ(y)J xˆ is to relo-
cate the Dirac cones, for a specific momentum that is
qx on the right of K point, the Dirac point is shifted to
this momentum by Ax = −~e qx = − ~4eaλ2y2, whose curl
Bz = −∂yAx = ~2eaλ2y = ~2eaλ(4aqx)1/2 results in the
dispersive Dirac-Landau levels
LLn(qx) = −3JS + sgn(n)
√∣∣∣∣2ne~Bz~vηx~vηy
∣∣∣∣
= −3JS − 3
2
JS
√
λa
4
√
4aqxsgn(n)
√
|n|.
(6)
We apply numerical simulations on the tight-binding
Hamiltonian of a zigzag FM nanoribbon with quadrat-
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FIG. 3: Dispersive Dirac-Landau levels in a twisted FM
nanoribbon. (a) Numerically calculated magnon bands
(black) for a nanoribbon with 2N = 1200 A and B sublat-
tice sites and λa = 0.0008. The theoretically predicted LLs
(red) from Eq. 6 are overlaid. The blue dashed curves mark
the position of the maximally displaced Dirac cone, which is
qwx δx = 0.225 on the right of valley K. (b) Dirac-Landau
levels as a function of twist at a fixed momentum that is
q0xδx = 0.139 on the right of K point. The theoretically pre-
dicted LLs (red) from Eq. 6 well fit the numerics (black dots)
of the first few LLs.
ically decaying interactions (Eq. 2) and find that Eq. 6
well captures the dispersion of the LLs as illustrated in
Fig. 3(a). For a fixed momentum slightly away from the
Dirac point K, we also test the
√
λa dependence of the
first few Dirac-Landau levels. These results are summa-
rized in Fig. 3(b). Far away from the valley K, where
the LL wave functions overlap with the zigzag edges,
LLs predicted in Eq. 6 begin to deviate from the nu-
merically obtained bands, which are edge states rather
than LLs. Considering the fact that LLs are pulled out
by the displaced Dirac cone from the one at K, the
width of the zeroth LL is then the maximal displace-
ment qwx = [− e~Ax(y)]max = λ
2W 2
16a of the Dirac cone
and higher-order LLs have smaller widths because of the
larger spatial extent of their wave functions. Therefore,
Eq. 6 fits the numerics best between the Dirac cone at
K and the maximally displaced Dirac cone (blue dashed
curves).
Honeycomb antiferromagnets.–When the honeycomb
magnet exhibits AF order (J > 0), the Heisenberg Hamil-
tonian (Eq. 1) can be second-quantized by the bipar-
tite Holstein-Primakoff transformation S+A (r) = (2S −
a†rar)
1/2ar and S
z
A = S−a†rar [S+B (r) = b†r(2S−b†rbr)1/2
and SzB = b
†
rbr − S], where ar (br) is the magnon anni-
hilation operator for spins on the A (B) sublattice. The
resultant magnon tight-binding model to the bilinear or-
der reads
HAF =
∑
r,i
JiS(arbr+αi + a
†
rb
†
r+αi + a
†
rar + b
†
rbr), (7)
where the Ne´el state energy EN = −
∑
r,i JiS
2 has
been deducted from the Heisenberg Hamiltonian. Ap-
plying Fourier transform of the basis (ar, br)
T =
N
−1/2
uc
∑
k e
ik·r(ak, bk)T , we obtain the Bloch Hamilto-
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FIG. 4: Spectral properties of a zigzag AF nanoribbon with
2N = 80 A and B sublattice sites. (a) The spectrum of an un-
twisted nanoribbon exhibiting two quadratic peaks connected
by flat edge states. (b) The spectrum of a twisted nanorib-
bon with λa = 0.028. (c) The bulk spectral function of (b)
with dispersive equidistant LLs in the vicinity of quadratic
peak K labeled. The crosses mark the positions of LLs at
the selected momentum kxδx = 1.382. (d) The edge spectral
function of (b) with white curves representing the envelopes
of the quadratic peaks.
nian
Hk =
∑
i
JiS[cos(k ·αi)τx − sin(k ·αi)τy + τ0], (8)
where τx,y and τ0 are Pauli matrices and identity matrix
defined in basis (ak, b
†
−k)
T and a constant term −∑i JiS
altering the Ne´el state energy is temporarily ignored
[41]. Without lattice deformation, the dispersion of Hk
can be obtained by Bogoliubov transformation [41] as
εk/JS = 3
√
1− |ξk|2, which is doubly degenerate with
ξk =
1
3
∑
i e
ik·αi . εk exhibits two quadratic peaks at BZ
cornersK/K ′ as illustrated by the blue curve in Fig. 1(b).
For a zigzag nanoribbon [Fig. 1(c)], the band εk of the
infinite system becomes a set of bands [Fig. 4(a)].
For a fictitious lattice deformation that alters the
nearest-neighbor interactions according to J1 = J2 =
J + δJ and J3 = J with a constant δJ , the magnon
dispersion in the vicinity of BZ corners is [41]
εq = (3JS + 2δJS)− 3JS
8
a2
[(
qx + η
2δJ
3aJ
)2
+ q2y
]
.
(9)
Similar to the FM case, a constant δJ can shift the
quadratic peaks identically in the energy dimension and
oppositely in the momentum dimension. The former can
be compensated by an external magnetic field, while the
latter can still be interpreted as an emergent vector po-
tential ~A = η 2~3ea
δJ
J xˆ same as that in ferromagnets. In
the presence of twist deformation, δJ = δJ(y) varies
along the y direction. But as long as δJ(y) varies slowly
on the lattice scale, the effect of δJ(y) can still be treated
as a vector potential ~A (y) shifting the quadratic peaks
and producing LLs.
To support our argument, we numerically calculate the
band structure of a zigzag AF nanoribbon with exponen-
tially decaying interactions employed. We find dispersive
equidistant LLs on the right (left) of quadratic peak K
(K ′) [Fig. 4(b)]. These LLs are 4-fold degenerate ex-
cept for the zeroth LL, which is doubly degenerate. We
have read off the LL energies εLLn of the first few LLs
marked by the crosses in Fig. 4(c) and find the sequence
εLLn − εLL0 indeed shows the expected n dependence on
LL index n. This is consistent with the quadratic dis-
persion (Eq. 9) at BZ corners. The bulk spectral func-
tion [Fig. 4(c)] confirms the bulk origin of the LLs with
best resolution for the first three LLs (n = 0,±1,±2) of
each quadratic peak, which are connected by edge states
rather than through the bulk as illustrated by the edge
spectral function [Fig. 4(d)].
Following the technique we have developed for fer-
romagnets, we immediately find the momentum de-
pendence of the twist-induced vector potential and
the resulting gauge field as Ax = −~e qx and Bz =
~
2eaλ(4aqx)
1/2, respectively. The latter results in the dis-
persive equidistant LLs
εLLn(qx) =
√
(3JS)2 −
∣∣∣∣2ne~Bz~vηx~vηy
∣∣∣∣
= 3JS − 3
8
JSλa
√
4aqx|n|.
(10)
We apply numerical simulations of the tight-binding
Hamiltonian of a zigzag AF nanoribbon with quadrat-
ically decaying interactions (Eq. 2). As illustrated in
Fig. 5(a), we find Eq. 10 well captures the LL disper-
sion between the quadratic peak at K and the maximally
displaced quadratic peak (dashed blue curve), which is
qwx =
λ2W 2
16a on the right of quadratic peak K. We also
examine the linear dependence on λa of the first few LLs
at a fixed momentum slightly away from quadratic peak
K. These results are summarized in Fig. 5(b).
Conclusions.–We have studied the Landau level dis-
persion of twisted nanoribbons of ferromagnetic and an-
tiferromagnetic honeycomb magnets. We elucidate that
these Landau levels are pulled out by the twist-displaced
magnon Dirac cones (quadratic peaks) from those located
at Brillouin zone corners such that a correspondence can
be constructed between the crystal momentum of the
nanoribbon and the twist-induced gauge field, from which
the dispersion of Landau levels can be explicitly derived
for the ferromagnetic (antiferromagnetic) nanoribbons.
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FIG. 5: Dispersive equidistant Landau levels in a twisted
AF nanoribbon. (a) Numerically calculated band structure
(black) for a nanoribbon with 2N = 1200 A and B sublattice
sites and λa = 0.0008. The theoretically predicted LLs (red)
from Eq. 10 are overlaid. The blue dashed curves mark the
position of the maximally displaced quadratic peak, which is
qwx δx = 0.225 on the right of quadratic peak K. (b) Equidis-
tant LLs as a function of twist at fixed momentum that is
q0xδx = 0.139 on the right of K point. The theoretically pre-
dicted LLs (red) from Eq. 10 well fit the numerics (black dots)
of the first few LLs.
Our proposal may be carried out with honeycomb ferro-
magnets CrX3 (X=F, Cl, Br, I) [42, 43] and antiferromag-
net MnPS3 [44]. The required Zeeman field canceling the
twist-induced onsite energy may be provided by a fine-
tuned array of magnetic force microscope tips [45], and
the dispersive Landau levels can be imaged by neutron
scattering [46].
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